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Suppose {f,} is a sequence of funtions, differentiable on |a, b] and such that

{fu(x0)} converges for some point xo on [a,b]. If {f,} converges uniformly on
[a,b], then {f,} converges uniformly on [a,b], to a function f and
J(x) = limy o0 f(x) (@ < x < D).
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there exists a positive integer Ny such that
[fn(x0) — fn(x0)| < § Vn,m > N.
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there exists a positive integer N such that
Ifu(x0) — fm(x0)| < 5 Vn,m > N.

= For the same N, we have

1(6) = £2(0)] < 5y € la b
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there exists a positive integer N such that

Ifu(x0) — fm(x0)| < 5 Vn,m > N.

= For the same N, we have

(1) = F (0] < 355571 € la,B].

Let us now apply Mean Value Theorem to the functions f;, — f;.

Then, | (f,(x) — fi () = (at) = fin(0)] < [x = 1] 35557 o (1)
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Now

[ (x) = fin ()]

= |(fn(x) _fm(x)) - (fn(xo) _fm(xo)) +fn(x0) _fm(x0)|
<[ (x) =fn(x)) = (fa(x0) —fin(x0))| + [ (x0) — fin(x0)|
< elx=t] + £

= 2(b—a) 2

<5+35<e




() = BO5)
p(t) =1 “1_{}") fort € [a, b]
90(1) = 0u(0)] = [fule) —f(x) — 5L

—x
=]

<= < g Ve n > Nand 1 # x
. {¢n(t)} converges uniformly for ¢ € [a, b] — {x}
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hmt—)x hmn—)oo ¢n(t) = 11Inn—)oo 1imt—>x (z)n(t)
= 1imy limyy o0 2O — Jim,, |, lim,,
timy e PO = Jim, o0 £1(x)

fl(x) = hmn—)oof;;(x)

Ju(t) =fu(x)
1—x
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There exists a real continuous function on the real line which is nowhere
diffrentiable.




Define ¢(x) = |x[ (=1 <x < 1)

Extend ¢ to the whole real line by setting
P(x+2) = dx) — (1)

Then for all real such that

|¢(s) — o) = lIs| — lel| < |s — 1|

= ¢ is continuous on R




Define f(x) = 3_,%,(3/4
clearly, [¢| < 1(0 < ¢ <
By theorem 7.10

The series converges uniformly on R

Also, the series given in (2) is a series of continuous function.
Hence f is continuous on R.
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Claim: Fix a real number x and a positive integer m

put 6, = £(1/2)(4™")

Where the sign is chosen. So that no integer has between
4"y and 4™ (x + 0p)

Define v, = ¢(4"(X+5§))—¢(4”X)
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case(i)

n>m

Then 4"§,, is an even integer

49, = £(1/2)47"4" = £(1/2)4"~" Therefore v, = OVn > m
case(ii)

0<n<m
|@(4" (x+6m)) —(4"x)| < [47(

|| = i x+c|$g,’z|—4n(x)l (by(ii)) =4"
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case(iii) . .

Y| = [($(4 (X+|(isr:zn)|)—¢(4 x)| < |4 (x+(|5:$n,,),|_4 ()] (by(ii))
|Ym| = 4™ forn =m

Now, (L&t F (D] "“*f'") = = 203/ wn\
Zn:o(3/4)"7n} 2

= |(3/4y"m = (= ) (3/4)"
> 374" | = 3200 (3/4)" Pl

Therefore W > 3" — Z?:_ol (3"/4m)4"

3y

= = &m=0 9
= 3m+
3"’—1—1

\/

:>f’( ) does not exist for all x € R
Therefore f is nowhere diffrentiable (As m — §,, — 0)
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